This paper develops quadratic approximations to the classical models of Darcy-Weisbach and Hazen-Williams for frictional head loss in water pipes. Key elements of the technique are selecting the approximation domain and minimizing the relative error. A comparison for individual pipes over a range of diameter, roughness, and Reynolds number showed that the approximation provides accuracy consistent with the experimental error in the classical equations. Two benchmark water distribution networks are also considered. In these systems, flows and pressures computed using the approximation were consistent with simulations using the classical models. Applications of the approximation include mathematical optimization problems where polynomial expressions are desirable. A À E constants used to compute a and b for Hazen- 
BACKGROUND
The head loss due to friction in water distribution systems is well studied and may be described by the Darcy-Weisbach
where f is the Darcy friction factor; L is the pipe length; D is the diameter; V is the average fluid velocity; and g is the gravitational constant, all in consistent units.
The method for computing the Darcy friction factor varies according to whether the flow is laminar or turbulent.
In the laminar regime, Poiseuille flow occurs and the friction factor is f ¼ 64=Re, where Re ¼ VD=ν is the Reynolds number, and ν is the kinematic viscosity. Thus, under lami-
In the turbulent regime, the friction factor's behavior with respect to Re varies according to flow conditions as diagramed by Moody (). For fully rough turbulent flow, the factor is given by the classical formula of Prandtl-Karman
where k s is the roughness height and D is the diameter. In Equation (2), f is constant with respect to Re and thus
In turbulent flows that are not fully rough f depends in a complex way on Re. In either case, the value of f may be found graphically from the Moody diagram, or by inverting the implicit relationship of Colebrook (White )
The value of f may also be estimated using one of the 
where h f is the head loss due to friction in meters; C is the Hazen-Williams coefficient; D is the inside diameter of the pipe in meters; L is the length of pipe in meters; and Q is the discharge in cubic meters per second. The
Hazen-Williams formula applies only to water flowing in pipes 5 cm in diameter or larger and at speeds less than 3 m/s (Franzini & Finnemore ) . A more detailed discussion of the region of application for the Hazen-Williams formula is given by Liou () and discussions.
Although Equations (3) and (4) 
QUADRATIC APPROXIMATION FOR PIPE FRICTION
In some applications such as real-time simulation or mathematical optimization, a simpler relationship than Equation (1) with Equation (3), or an explicit approximation for f, that provides a sufficiently accurate representation of the underlying physics is desirable. The limiting case of fully rough flow suggests a squared function. Indeed, the head-flow curve for a pipe shows strongly quadratic behavior in the turbulent range. Thus, the following quadratic approximation for the pipe head loss curve is proposed:
where a and b are unknown dimensional coefficients and Q is the volumetric flow rate. The intercept is dropped to enforce the origin as a point on the curve. The linear term is retained to provide a degree of freedom for improving the fit, and in recognition of the fact that turbulent flows outside of the fully rough range are not purely a squared function of the flow.
The derivative or reciprocal derivative of the head loss function is needed in simulation and optimization applications. Using a quadratic, the derivative expression is easily found and well behaved
Notice that lim Q!0 (dh=dQ) ¼ b from the left and the right. The reciprocal of the derivative is non-zero provided
In developing an approximation function one must consider several factors:
• the functional form of the approximation;
• a merit function for evaluating candidates;
• the relevant range of the original function;
• the method for finding coefficients.
This work uses the functional form of Equation (5) whether Darcy-Weisbach or Hazen-Williams is used as an underlying model. Coefficients are selected to minimize the 'relative error' (MRE) over the approximation range.
When the coefficients of Equation (5) are found in this way, the approximation is termed a 'MRE quadratic'. The exact merit function, approximation range, and method of finding coefficients differ slightly between head loss models as discussed below.
Darcy-Weisbach
The preferred method for modeling head loss on water networks is the Darcy-Weisbach law of Equation (1). If the friction factor f were constant the head loss curve would be purely quadratic; this is the primary motivation for devel- given by For pipes with roughness heights of 10 and 1 mm, both a quadratic approximation, the law of Prandtl-Karman, and
Burgschweiger's approximation fall directly on the ideal curve. As a roughness height decreases, deviation of the approximations from the ideal curve becomes visible.
Hazen-Williams
The 
where Q 1 and Q 2 specify the range of interest and α is the part of Equation (4) that does not vary with flow rate (α ¼ 10:65C À1:852 D À4:871 L). The integral of Equation (9) is found and the resulting form is differentiated by a and b.
These differentials are set equal to zero, giving a 2 × 2 system of linear equations. Solving the system yields expressions for a and b as functions of the approximation interval The value of Q 2 should be chosen to reflect the maximum flow likely to be encountered in the application. A value can be chosen through investigation of the network or selection of a maximum velocity or power dissipation in each pipe. Once a value for Q 2 is established, Q 1 may be selected so that the minimum of the relative error curve sits at an error tolerance. The location of the minimum relative error is found from calculus
With Equation (12) and an error tolerance, ϵ tol , Q 1 is found at the root of 
Twenty-five node network
The first network considered here is the benchmark network Quadratic approximations for head loss in each pipe were developed using the methods given above with parameter Q 2 corresponding to a velocity of 2 m/s and When additionally exploiting the sparse network structure of an urban water network, this may allow advantage to be taken of sparse semi-definite optimization techniques to approximate the globally optimal solutions of these operational and planning problems.
